The pyramidal configurations of N+1 bodies cannot rotate  by Zhu, Changrong
J. Math. Anal. Appl. 286 (2003) 391–396
www.elsevier.com/locate/jmaa
The pyramidal configurations of N + 1 bodies
cannot rotate
Changrong Zhu
Department of Mathematics, Chong Qing University, College of Science, Chongqing 400044, PR China
Received 17 January 2002
Submitted by C.E. Wayne
Abstract
For the (N + 1)-body problem, we assume that N bodies are at the vertices of a unit regular
polygon and the (N + 1)st body is along the vertical line normal to the plane formed by the former
N bodies. If N bodies rotate at the unit circle and the (N + 1)st body oscillates along the vertical
line of the plane formed by the former N bodies and passing through the geometrical center, then we
prove that the (N + 1)st body must locate at the geometrical center of unit regular polygon.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction and main result
Consider n points with masses m1,m2, . . . ,mn and positions q1, q2, . . . , qn, respec-
tively. The n-body problem is governed by Newton’s second law and gravitational law:
miq¨i =
n∑
j =i
mjmi(qj − qi)
|qj − qi |3 , i = 1,2, . . . , n. (1.1)
Perko and Walter [2] and Elmabsout [1] proved that for N  4, if the N -body problem
has uniformly rotational regular polygon solution, then all bodies have the same mass. We
study spatial (N + 1)-body problems and have the following result:
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of the unit regular polygon and that the (N + 1)st body is located along the vertical line
normal to the regular polygon and passing through the center of the regular polygon.
Further assume that the N bodies rotate with constant angular velocity, the (N + 1)th
body oscillates on the vertical line. Then we have the following result:
(1) The center of masses m1,m2, . . . ,mN+1 must be along the vertical line.
(2) The (N + 1)st body must be at the center of the unit circle.
2. The proof of Theorem 1
Throughout this paper, unless otherwise restricted, all indices and summations will
range from 1 to N .
We can assume
zk =
(
cos
2kπ
N
, sin
2kπ
N
,0
)T
, k = 1,2, . . . ,N, (2.2)
zN+1 = (0,0,1)T , (2.3)
A(t)=

 cosωt − sinωt 0sinωt cosωt 0
0 0 f (t)

 , (2.4)
where f (t) is twice differentiable.
A¨(t)=

−ω2 cosωt ω2 sinωt 0−ω2 sinωt −ω2 cosωt 0
0 0 f ′′(t)

 . (2.5)
Let
M =
N+1∑
i=1
mi. (2.6)
Let
z0 = 1
M
N+1∑
k=1
mkzk (2.7)
denote the center of masses m1,m2, . . . ,mN+1.
Assume m1,m2, . . . ,mN+1 have the following orbits:
qk(t)=A(t)(zk − z0), k = 1,2, . . . ,N, (2.8)
qN+1 =A(t)(zN+1 − z0). (2.9)
So the equations of motion of (N + 1)-body problem are
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∑
l =k
ml(ql − qk)
|ql − qk|3 +
mN+1(qN+1 − qk)
|qN+1 − qk|3 , k = 1,2, . . . ,N, (2.10)
q¨N+1(t)=
∑ ml(ql − qN+1)
|ql − qN+1|3 . (2.11)
From (2.9), (2.7) and (2.4) we have
q¨N+1(t)= A¨(t)(zN+1 − z0)
= 1
M


−ω2 cosωt ω2 sinωt 0
−ω2 sinωt −ω2 cosωt 0
0 0 f ′′(t)




−∑mk cos 2kπN
−∑mk sin 2kπN
MN

 , (2.12)
where
MN =
N∑
k=1
mk. (2.13)
By using (2.11), we have∑ ml(ql − qN+1)
|ql − qN+1|3 =
∑ mlA(t)(zl − zN+1)
|A(t)(zl − zN+1)|3
= (1+ f 2(t))−3/2∑ml

 cosωt − sinωt 0sinωt cosωt 0
0 0 f (t)


×


cos 2lπ
N
sin 2lπ
N
−1

 . (2.14)
Hence by the first equation of (2.12) and (2.14), we obtain
ω2
M
[(∑
mk cos
2kπ
N
)
cosωt −
(∑
mk sin
2kπ
N
)
sinωt
]
= (1+ f 2(t))−3/2((∑ml cos 2kπ
N
)
cosωt −
(∑
ml sin
2kπ
N
)
sinωt
)
.
(2.15)
Using the linearly independent property of cosωt and sinωt , then we have
ω2
M
(∑
mk cos
2kπ
N
)
= (1+ f 2(t))−3/2(∑ml cos 2lπ
N
)
, (2.16)
ω2
M
(∑
mk sin
2kπ
N
)
= (1+ f 2(t))−3/2(∑ml sin 2lπ
N
)
. (2.17)
Consider Eqs. (2.16) and (2.17). We have
ω2
(∑
mk exp
2kπ
√−1 )= (1+ f 2(t))−3/2(∑mk exp 2kπ
√−1 )
, (2.18)
M N N
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exp
2kπ
√−1
N
= cos 2kπ
N
+√−1 sin 2kπ
N
. (2.19)
Case (i)∑
mk exp
2kπ
√−1
N
= 0; (2.20)
then,
z0 = 1
M
(
N+1∑
k=i
mkzk
)
=
(
0,0,
1
M
)
. (2.21)
Case (ii)∑
mk exp
2kπ
√−1
N
= 0. (2.22)
From (2.18) we can conclude
f 2(t)= const. (2.23)
If
f 2(t)= 0, (2.24)
then
f (t)= 0. (2.25)
And the result is proved.
Now assume
f 2(t) = 0. (2.26)
Since the spatial homographic solution must collide at some moment (Ref. [3]) we have a
contradiction, and hence
∑
mk exp
2kπ
√−1
N
= 0, (2.27)
z0 =
(
0,0,
1
M
)
. (2.28)
Now we consider Eq. (2.10):
q¨k(t)=
∑
l =k
ml(ql − qk)
|ql − qk|3 +
mN+1(qN+1 − qk)
|qN+1 − qk|3 , k = 1,2, . . . ,N, (2.29)
q¨k(t)= A¨(t)(zk − z0)
=

−ω2 cosωt ω2 sinωt 0−ω2 sinωt −ω2 cosωt 0
0 0 f ′′(t)




cos 2kπ
N
sin 2kπ
N
− 1

 , (2.30)M
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l =k
ml(ql − qk)
|ql − qk|3 +
mN+1(qN+1 − qk)
|ql − qk|3
=
∑
l =k
mlA(t)(zl − zk)
|A(t)(zl − zk)|3 +
mN+1A(t)(zN+1 − zk)
|A(t)(zN+1 − zk)|
=
∑
l =k
ρ−3lk ml


cosωt − sinωt 0
sinωt cosωt 0
0 0 f (t)




cos 2lπ
N
− cos 2kπ
N
sin 2lπ
N
− sin 2kπ
N
0


+ (1+ f 2(t))−3/2mN+1

 cosωt − sinωt 0sinωt cosωt 0
0 0 f (t)




− cos 2kπ
N
− sin 2kπN
1

 ,
(2.31)
where we used the notation
ρlk = |zl − zk|. (2.32)
By (2.30) and (2.31) we have
−ω2 cosωt cos 2kπ
N
+ω2 sinωt sin 2kπ
N
=
∑
l =k
ρ−3lk ml
((
cos
2lπ
N
− cos 2kπ
N
)
cosωt
)
−
∑
l =k
ρ−3lk ml
((
sin
2lπ
N
− sin 2kπ
N
)
sinωt
)
+ (1+ f 2(t))−3/2mN+1
(
− cosωt cos 2kπ
N
+ sinωt sin 2kπ
N
)
, (2.33)
− 1
M
f ′′(t)=mN+1
(
1+ f 2(t))−3/2f (t). (2.34)
Using (2.34), we have
f ′′(t)=−MmN+1f (t)
(
1+ f 2(t))−3/2. (2.35)
Using (2.33) and the independent property of cosωt and sinωt , we have
−ω2 cos 2kπ
N
=
∑
l =k
ρ−3lk ml
(
cos
2lπ
N
− cos 2kπ
N
)
+ (1+ f 2(t))−3/2mN+1 cos 2kπ
N
. (2.36)
By (2.36) we have
f (t)= const. (2.37)
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f (t)= 0. (2.38)
This completes the proof. ✷
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